We explore the long-term evolution of mass-transferring white dwarf binaries undergoing both directimpact and disk accretion and explore implications of such systems to gravitational wave astronomy. We cover a broad range of initial component masses and show that these systems, the majority of which lie within the LISA sensitivity range, exhibit prominent negative orbital frequency evolution (chirp) for a significant fraction of their lifetimes. Using a galactic population synthesis, we predict ∼ 2700 of these systems will be observable with a negative chirp of 0.1 yr −2 by a space-based gravitational-wave detector like LISA. We also show that detections of mass-transferring double white dwarf systems by LISA may provide astronomers with unique ways of probing the physics governing close compact object binaries.
INTRODUCTION
Close binary systems containing compact objects are of relevance to a variety of fields in astronomy. Compact binaries are a dominant source class for both ground and space-based interferometric gravitational wave detectors. Making up the most substantial fraction of close binaries are double white-dwarf (DWD) binaries (e.g., Marsh et al. 1995) .
As gravitational radiation drives the components of a DWD binary closer together, it is possible for one of kremer@u.northwestern.edu, katelyn.breivik@northwestern.edu s.larson@northwestern.edu vicky@northwestern.edu the stars to fill its Roche lobe, creating a semi-detached system. In the standard scenario, mass is pulled from the donor star through the system's inner Lagrangian point and enters into orbit around the accretor, eventually settling into an accretion disk (e.g., Frank, King and Raine 2002) . However, if the radius of the accretor star constitutes a large fraction of the binary separation (as is the case for DWD binaries), it is possible for the mass transfer stream to impact the accretor directly before a disk can form. The nature of this process, which is known as direct-impact accretion, determines whether the system remains stable (potentially forming an AM CVn (Nather et al. 1981; Tutukov and Yungelson 1996; Nelemans et al. 2004 )) or unstable, leading to a merger and possibly a Type Ia supernova (e.g., Webbink 1984; Iben & Tutukov 1984) .
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For the case of disk accretion, tidal torques exerted between the binary orbit, the disc, and the component spins provide a mechanism for angular momentum to be transferred back into the orbit (e.g., Soberman et al. 1997; Frank, King and Raine 2002) . However, in the case of direct-impact accretion, such a mechanism does not obviously exist, making the long-term stability of systems which experience direct-impact accretion uncertain.
Several analyses have examined the evolution of DWD systems undergoing direct-impact accretion, including Marsh et al. (2004) , Gokhale et al. (2007) , Sepinsky & Kalogera (2014) and, most recently, Kremer et al. (2015) . Each of these analyses concluded that, to varying degrees, a population of DWD binaries may emerge from a phase of direct-impact accretion as stable systems. The number of stable systems was shown in all analyses to depend sensitively upon the mass ratio of the system at the onset of mass-transfer and upon the strength of tidal coupling between the component stars and the binary orbit.
DWD systems are likely to be a dominant source of gravitational waves (GWs) for space-based interferometers such as the Laser Interferometer Space Antenna (LISA; Amaro-Seoane et al. (2013 ). For frequency intervals of interest, it is likely that DWD systems will define LISA's limiting confusion noise for frequencies below ∼ 3 mHz. (Nelemans et al. 2001a,b,c; Liu et al. 2010; Ruiter et al. 2010; Yu & Jeffery 2010) . Understanding the nature of the direct-impact masstransfer process and its role in the evolution of DWD binaries undergoing gravitational radiation is therefore of prime importance to LISA.
In this analysis, we explore the evolution of close DWD binaries undergoing both direct-impact and disk accretion in the context of LISA using the methods presented in Kremer et al. (2015) . In Section 2, we present the basic assumptions made in our analysis, review the methods of Kremer et al. (2015) , and present the equations necessary for the calculation of relevant GW parameters. In Section 3, we analyze the results of our calculations and in Section 4, we present Galactic population synthesis models and in Section 5 discuss the implications of our results in the context of LISA. We conclude in Section 6.
CALCULATION OF BINARY EVOLUTION

Basic assumptions
Following Kremer et al. (2015) and Sepinsky & Kalogera (2014) , we assume binaries with two white dwarfs (WDs) of (spherically symmetric) masses M A and M D ; volume equivalent radii R A and R D (given by the zero-temperature mass-radius relation of Verbunt and Rappaport (1988)); and uniform rotation rates which are parallel to the orbits of the binaries. As discussed in Kremer et al. (2015) , we assume the binaries to remain in circular Keplerian orbits throughout their entire evolution. The initial semi-major axis is chosen such that the volume-equivalent radius of the donor is equal to the volume-equivalent radius of its Roche lobe as fit by Eggleton (1983) .
As in Kremer et al. (2015) , we assume the donors are Helium (He) WDs, which have masses ≤ 0.5 M (Marsh 2011).
Review of calculations of previous analyses
To calculate the long-term evolution of DWD binaries, we follow the method of Kremer et al. (2015) , which is discussed at length in section 2 of that analysis, and can be summarized as follows. The orbital parameters of the DWD systems, which include the semi-major axis, a, eccentricity, e (assumed to be zero throughout), component masses, M A and M D , total mass M = M A +M D , and component rotation rates, F A and F D , 1 evolve due to the effects of three separate components: mass transfer, tidal forces, and gravitational radiation.
The effect of mass transfer on the orbital parameters is calculated using the ballistic mass-transfer calculations of Sepinsky et al. (2007) , which determine the changes to orbital parameters after a single mass-transfer event by integrating the three-body system consisting of the two stars and a discrete particle representing the mass transfer stream. See Sepinsky et al. (2007) and section 2.2 of Kremer et al. (2015) for more detail.
The effect of tidal forces upon the binary orbital angular momentum, J, is expressed as:
where ω i is the difference between the component and orbital spins and τ A and τ D are synchronization timescales which determine the strength of tidal forces. Kremer et al. (2015) examines the cases of weak tides (τ A = τ D = 10 15 years at contact) and strong tides (τ A = τ D = 10 years at contact) and noted that stronger tides lead to a greater number of stable systems relative to weak tides; see section 2.7 of Kremer et al. (2015) as well as Marsh et al. (2004) and Gokhale et al. (2007) . Here, we limit our analysis to the case of the 10-year synchronization timescale (strong tides) as this is considered the more realistic scenario for DWD binaries at present (Fuller & Lai 2014) .
From equation (1) and the equation for spin angular momentum of the individual components, J spin = kM R
2 Ω, the effect of tidal forces upon the orbital parameters is obtained. See section 2.3.2 of Kremer et al. (2015) for further detail.
Finally, the effect of gravitational radiation on the evolution of the binaries is given by:
2.3. Mass transfer and calculation of the Roche lobe
The mass transfer rate is proportional to the difference between the radius of the donor and its Roche lobe. As discussed in Sepinsky et al. (2007) , for asynchronous and/or eccentric binaries, the shape and volume of the Roche lobe is dependent upon the eccentricity, true anomaly, ν, and the donor's rotation rate, which is expressed in that analysis through the parameter:
(1 + e cos ν) 3 ,
with i ∈ {A, D} for the accretor and donor, respectively.
Equations (47)- (52) of Sepinsky et al. (2007) show the dependence of the Roche lobe upon A and the mass ratio, q, in various regimes. In this analysis, we assume the eccentricity of the systems to remain zero, but allow the rotation rate of the donor to vary. As discussed in Kremer et al. (2015) , the dependence of the Roche lobe upon the donor's rotation can have a profound effect upon the stability of these systems as they undergo mass transfer.
Using the method outlined here, the long-term evolution of DWD binaries undergoing direct-impact accretion can be calculated from Roche-lobe overflow to one of two possible end results: the onset of unstable mass transfer or the formation of an accretion disc.
Recent numerical simulations (Motl et al. 2007 ) of direct-impact accretion in DWD binaries have shown that mass transfer becomes dynamically unstable foṙ M ∼ 1 − 10 M yr −1 . However, Motl et al. (2007) and other analyses (e.g., Han and Webbink 1999 ) also note that the onset of super-Eddington accretion (Ṁ Edd ∼ 10 −5 − 10 −4 ; see section 2.5) may lead to the formation of a common envelope and merger.
In line with previous analyses (Marsh et al. 2004; Kremer et al. 2015) , we adopt a value ofṀ = 0.01 M yr −1 as our limit for dynamically stable mass transfer. However, given the results of the aforementioned studies, one may raise the question of whether the choice of 0.01 M yr −1 should be raised to higher values closer to ∼ 1 M yr −1 or lowered to the Eddington limit. It turns out the answer to this question is not important for the results of this study regarding the number of LISA-detectable systems. As can be seen by comparing Figure 1 with Figure 9 in section 4, systems which exceed the Eddington limit in our calculations constitute less than a few percent of our LISA-detectable systems. Kremer et al. (2015) modeled systems exclusively through the direct-impact accretion phase, assuming that once a system becomes disk accreting, the systems will remain stable. This assumption was made on the basis that once a system enters a phase of disk accretion, it will remain in that phase or possible become detached as the orbital separation will grow due to the ongoing mass transfer Frank, King and Raine (e.g. 2002) .
Disk accretion
Here we expand upon the previous analysis by continuing to model the systems through phases of disk accretion. We model disk accretion using a treatment similar to that of Marsh et al. (2004) , which is outlined in what follows.
As discussed in Kremer et al. (2015) , the evolution of the semi-major axis can be separated into three components,ȧ =ȧ MT +ȧ tides +ȧ GR ,
whereȧ MT ,ȧ tides , andȧ GR are the effects of mass transfer, tidal forces, and gravitational wave radiation, respectively, upon the evolution of the semi-major axis. a GR is given by equation (2) andȧ tides is given by equation (17) of Kremer et al. (2015) . As shown in equation (6) of Marsh et al. (2004) , the change in the system's semi-major axis due to mass transfer (in the form of disk accretion) is given by:
where q = M D /M A is the system's mass ratio andṀ D is the mass-transfer rate of the system, which is calculated using equation (35) of Kremer et al. (2015) . It follows that the evolution of the masses of the two stars is given by:
and
Disk accretion is known to synchronize the component spins with the orbit on time-scales shorter than the circularization time-scale (e.g., Zahn 1977) . Therefore, we assume the donor and accretor both become instantaneously synchronized upon the onset of disk accretion and remain synchronized throughout. In the event that the system becomes detached and mass-transfer ceases, the donor and accretor spins are allowed to vary (in a self-consistent manner) until mass transfer resumes.
As in Kremer et al. (2015) , we assume these systems remain circular throughout their evolution, since they are born circular and the evolution is dominated by tides. Therefore,ė = 0.
Together, the equations (4), (6), (7), and (8) can be integrated over time to calculate the long-term evolution of systems through disk accretion.
Super-Eddington accretion
As systems undergo both direct-impact and disk accretion, it is possible for the mass-transfer rate to exceed the Eddington limit, but remain below the instability limit (defined as 0.01 M yr −1 ). As in Kremer et al. (2015) and Marsh et al. (2004) , the Eddington accretion rate is calculated using a modified version of the calculation used by Han and Webbink (1999) :
where σ T is the Thomson cross-section of the electron, m p is the mass of a proton, v i is the impact velocity of the accreted particle, and v ω is the spin-velocity of the accretor's surface at the point of impact, both measured in the co-rotating frame of reference. In our calculations, this expression yieldsṀ Edd values in the range of 10 Kremer et al. (2015) took note of systems that experienced super-Eddington accretion, but did not change the mass-transfer physics during the super-Eddington phase. Along the lines of Han and Webbink (1999) ; Nelemans et al. (2001b) ; Marsh et al. (2004) , it was suggested that the consequence of sustained superEddington would be a merger, the same result as a dynamically unstable system.
Here, we expand on previous analyses by modifying the equations governing the mass-transfer process during phases of super-Eddington accretion. During superEddington accretion, we modify the mass transfer rate onto the accretor (Ṁ A ; as calculated by equation (35) of Kremer et al. (2015) ) as follows:
In the case thatṀ A ≥Ṁ Edd , the mass transfer ceases to be conservative (i.e.Ṁ A =Ṁ D ), and the excess mass transfer rate determines how much mass is ejected from the system:Ṁ
Using the method outlined above, the long-term evolution of DWD systems can be calculated from the onset of Roche-lobe overflow through phases of direct-impact and/or disk accretion.
Calculation of total chirp
For binaries in circular orbits, the gravitational wave frequency, f , and the orbital frequency, f orb , are related by:
f orb is related to the semi-major axis by
where
It follows from equations (12) and (13) that:
Differentiation of equation (14) gives the chirp:
It follows from equations (20) and (4) that the chirp can be written aṡ
or more succinctly:
By calculating each of these three components over the course of a binary's evolution we can determine the relative effects of gravitational radiation, mass transfer, and tidal forces on the chirp.
3. RESULTS Figure 1 shows the long-term evolution of DWD systems as calculated using the methods discussed in section 2.
Systems are evolved until the mass-transfer rate becomes unstable or until they reach a maximum evolution time of 10 Gyr. In Figure 1 , systems marked by red circles evolve all the way to 10 Gyr without experiencing unstable mass transfer and are therefore classified as stable systems. Systems marked by a black circle are unstable systems, meaning they experience a mass transfer rate in excess of 0.01 M yr −1 at some point during their evolution and are expected to merge. Blue circle indicate systems whose evolution is stopped when the accretor reaches the Chandrasekhar limit (1.44 M ).
The region highlighted in yellow marks systems with a total mass in excess of the Chandrasekhar limit. Systems in this yellow region are considered possible Type Ia supernova progenitors.
The solid black line in Figure 1 shows the boundary between disk and direct-impact accretion for initially synchronous and circular binaries (see Sepinsky & Kalogera (2014) for more detail). All systems to the right of this boundary begin evolution in the disk accretion phase, and therefore never experience direct-impact accretion. Systems to the left of this boundary begin as direct-impact accretors, and eventually enter a disk phase. The time a system remains in the direct-impact phase varies from system to system, as discussed in Kremer et al. (2015) . Figure 2 shows the evolution ofḟ MT (dashed blue), f tides (dotted blue), andḟ GR (solid red) for the first 10 6 years of evolution of a system with initial donor and accretor masses of 0.25 M and 0.55 M , respectively. Also shown isḟ astro (defined as sum ofḟ MT andḟ tides ; solid blue) and the total chirp,ḟ (solid black), hereafter referred to asḟ total .
Upon the onset of Roche-lobe overflow, mass transfer tends to drive the system to lower frequencies (larger orbital separation) in competition with gravitational radiation, which tends to drive the system to higher frequencies (smaller orbital separation), as is reflected by the negative and positive signs ofḟ astro andḟ GR , respectively, in Figure 2 . The relative strengths of these two components determine the overall sign ofḟ total . As Figure 2 shows,ḟ total is dominated byḟ GR until mass Results of long-term evolution of DWD systems of various initial masses. Red systems are stable throughout their lifetimes, through stages of both direct-impact and disk accretion. Black systems are unstable, meaning at some point they experience a mass transfer rate in excess of 0.01 M yr −1 at some point during their evolution. Blue systems have an accretor which exceeds the Chandrasekhar limit during their evolution. The solid black line marks the boundary between disk and direct-impact accretion for initially synchronous and circular binaries. The region highlighted in yellow indicates systems with a total mass in excess of the Chandrasekhar limit. These systems are possible Type Ia supernova progenitors. Evolution of the different components ofḟ during direct-impact accretion for a system with initial donor and accretor masses of 0.25 and 0.55 M , respectively. Here,ḟastro is defined as the sum ofḟ M T andḟ M T .
transfer begins at which pointḟ astro dominates. As tidal forces restore equilibrium between the component spins and the orbit, and mass transfer drives the components apart, all three components ofḟ total approach zero. The mass transfer rate continues to decrease throughout the evolution, but never vanishes completely, driving the systems to ever-decreasing orbital frequencies, as shown in Figure 3 .
As discussed in detail in Kremer et al. (2015) , the length of the synchronization time-scale on which tidal forces act has a significant effect upon the systems' ability to adapt to mass transfer between the components. For the case of strong tidal torques considered here(the τ = 10-year synchronization time-scale), tidal forces act to quickly restore equilibrium between the accretor (which becomes spun up at the onset of mass transfer) and the binary's orbit and the donor (which is spun down at the onset of mass transfer) and the orbit. Because the Roche-lobe radius is dependent upon the donor spin (see equation (3)), the strength of tidal forces directly affects the mass-transfer rate. Figure 3 shows the complete time-evolution of the chirp (top panel), mass transfer rate (middle panel), and gravitational wave frequency (bottom panel) for a system with initial donor and accretor masses of 0.25 M and 0.55 M , respectively. The vertical solid green line marks the time of transition from direct-impact to disk accretion. As the top panel of Figure 3 shows,ḟ astro dominatesḟ GR over the course of the evolution, giving a negativeḟ total . The bottom panel shows the corresponding decrease in the gravitational wave frequency. Figure 4 shows the long-term evolution of a system with initial donor and accretor masses of 0.225 and 1.0 M , respectively. As shown by Figure 1 , this system remains stable throughout its entire evolution. As Figure 4 shows, the mass-transfer rate of this system experiences a brief spike upon the transition to disk ac- Same as Figure 3 , but for a system with initial donor and accretor masses of 0.225 and 1.0 M , respectively. This system transitions from direct-impact to disk accretion after 8.92× 10 3 years of evolution.
cretion, and a corresponding spike inḟ MT andḟ total . This spike in the mass-transfer rate is a consequence of the dependence of the Roche lobe upon the spin of the donor (equation 3). As the donor leaves the directimpact phase, it is slightly asynchronous with the orbit, giving a slightly higher value for the Roche lobe, and therefore a lower mass-transfer rate. Once the donor becomes fully synchronized upon the onset of disk accretion, the Roche lobe correspondingly shrinks, leading to the brief jump inṀ . As seen in Figure 3 , the system with initial donor and accretor masses of 0.25 and 0.55 M experiences this effect negligibly. This is explained by the fact that the 0.25-0.55 M system remains in the direct-impact phase for a greater length of time than the 0.225-1.0 M system (3.79 × 10 5 years versus 8.92 × 10 3 years) and therefore tidal forces have more time to bring the donor closer to full synchronization by the time disk accretion begins, leading to a negligibly small change in the Roche lobe and mass-transfer rate. Figures 3 and 4 show that for both of these systems, the mass-transfer rate andḟ total taper to zero as the systems are driven to lower frequencies, throughout disk accretion, as expected.
3.1. LISA observations 3.1.1. Chirp
As illustrated by Figures 2, 3 , and 4, it is possible for DWD systems to experience prominent negative chirps during their evolution. It will be possible for LISA to measure the chirp of a detected binary with a chirp magnitude greater than ∼ 0.1 bin/yr (Takahashi & Seto 2002) where the width of a frequency bin is determined by the length of the mission observation: 1 bin = T 
Any chirp (positive or negative) with a magnitude greater thanḟ min will be measurable by LISA. Figure 5 shows the systems in our mass-mass parameter space (Figure 1 ) that experience a measurable negative chirp at some point during their evolution. In the left panel of the figure, the different colors denote the total length of time, t ONC , each of these systems experiences an observable negative chirp. Blue systems have t ONC > 10 5 years, yellow systems have 100 < t ONC < 10 5 years, and black systems have t ONC < 100 years. The blue systems clearly dominates the parameter space with 266 of the 450 total systems exhibiting negative chirps for at least 10 5 years. The right panel of Figure 5 shows the fraction of the total observable lifetime each system experiences an observable negative chirp, t ONC /(t ONC + t OPC ). Here t OPC is the total time each system exhibits an observable positive chirp, which occurs during both inspiral when the binary is still detached and right at the onset of mass-transfer, just before the mass-transfer rate reaches its maximum value (see, for example, Figure 3) .
As the right panel of Figure 5 illustrates, 233 of the 450 total systems experience an observable negative chirp for ≥ 40% of their observable lifetime. Figure 1 that experience an observable negative chirp during their lifetime. In the left panel, the different colors denote the length of time, t ONC , each of these systems experiences an observable negative chirp. Systems marked with a blue circle have t ONC > 10 5 years, yellow systems have 100 < t ONC < 10 5 years, and systems marked with a black circle have t ONC < 100 years. The right panel shows the fraction of the total observable lifetime each system exhibits an observable negative chirp, t ONC /(t ONC + t OPC ).
Signal-to-noise ratio
For circular DWD binaries, the scaling amplitude of the gravitational waves is given by:
where D is the distance of the binary from the detector and M c is the chirp mass, given by:
Here, as before, T obs = 4 years. The binaries considered in this analysis do not chirp appreciably over the course of a single observation. Therefore we can approximate the signal-to-noise ratio (SNR) as:
where h f is the spectral amplitude value for a specified gravitational-wave frequency, f , given by the standard LISA sensitivity curve in Larson et al. (2002) . For example, the maximal negative total chirp a DWD binary has in our simulations is ≈ −50 bins/yr with a frequency of f = 0.03 Hz and the total chirp is not expected to evolve appreciably over the course of a LISA observation. Thus approximating the total negative chirp as constant, the total frequency evolution of the binary is ∆f = 1.59 × 10 −6 Hz, which accounts for a total change in SNR of less than 0.01%. Figure 6 shows the SNRs for the various initial masses at contact (top panels) and at the conclusion of the direct-impact phase (when the system becomes unstable or a disk is formed; bottom panels) for binaries at distances of 8 kpc, representing the Galactic center (lefthand panels) and 20 kpc, representing the Galactic edge (right-hand panels). Blue circles represent systems with SNR > 10, green systems with 5 < SNR < 10, yellow systems with 1 < SNR < 5, and red systems with SNR < 1.
We expect all systems, with the exception of the red, to be resolvable by LISA due to both their high frequency and high frequency evolution. At high frequencies, each DWD is expected to occupy its own frequency bin, and binaries with any measurable chirp are resolvable. Henceforth, we will define a resolvable binary as any binary with SNR > 5 and |ḟ total | > 0.1 bin/yr.
As illustrated in Figure 5 , 76% (342 out of the available 450 systems) of the DWD systems in our parameter space experience a negative chirp prominent enough to be measured by LISA for astrophysically relevant durations of time. Figure 6 shows that, at the onset of mass-transfer, 80% (362 out of 450) and 65% (292 out of 450) of systems have an SNR > 5 for D = 8 kpc and D = 20 kpc, respectively. We can make a more precise estimate on the number of systems that would have resolvable chirps and SNRs at the present day using Galactic population synthesis methods.
ESTIMATING THE MILKY WAY DWD POPULATION
To explore the number of He-donor DWD systems in the Milky Way, we generated population realizations using the binary stellar evolution code BSE (Hurley et al. 2002) . BSE is a highly parallelizable open-source code that computes the evolution of a binary system from the birth of its stellar components to the final state of the binary, including potential compact remnants.
DWD progenitors are expected to pass through a common envelope (CE) phase en route to the formation of a DWD binary. The physical details of this CE phase SNRs at the on-set of Roche-lobe overflow (top-panels) and at the conclusion of the direct-impact phase (bottom panels) for sources at distances of 8 kpc and 20 kpc. Systems marked with blue circles have SNR > 10, green have 5 < SNR < 10, yellow have 1 < SNR < 5, and red systems have SNR < 1. (which are ripe with uncertainty) will have a substantial effect upon the orbital separations of the DWD binaries which emerge. To capture the uncertainty associated with the CE physics in our binary evolution models we simulated three separate DWD populations. Each population uses the α-CE prescription detailed in Hurley et al. (2002) with α = 1 and a constant envelope binding energy factor λ, with the three models using λ = 0.1, 1.0, and 10.0. All other stellar evolution prescriptions follow the fiducial model in Dominik et al. (2012) . Our choice in the range of λ is motivated by analysis of Dewi & Tauris (2000) , which shows that for giant stars with masses less than 8 M (which are consistent with WD progenitors at solar metallicity), λ ranges from 0.1-10. We simulate a population for both the Milky Way thin disk and the bulge. We assume a constant star formation rate of 5 M yr −1 over 10 Gyr for the thin disk resulting in a total mass of M thin disc = 5 × 10 10 M and a burst of star formation for the bulge 10 Gyr ago resulting in a total mass of M bulge = 2 × 10 10 M . We assign initial binary states according to standard distribution functions as follows. Initial masses for the thin disk and bulge are distributed according to the 6 R ) and fall off linearly at small separations as (a/a 0 )
1.2 for a < 10R (Han 1998) . Finally, we use a thermal distribution for initial eccentricity (Heggie 1975) .
The foundation of our simulations is a fixed population for each type of helium-donor DWD system: helium-helium (He-He), helium-carbon oxygen (He-CO), and helium-oxygen neon (He-ONe). The fixed population is designed to be generated once and describe the physical parameters and relative rates of a given population that results from binary evolution. Once a fixed population for a binary type (e.g. He-He) is simulated, we can Monte Carlo sample several hundred Milky Way realizations of the galactic population of that binary type.
The fixed population for a given type of binary must be large enough to encompass all possible physical parameters that could result from binary evolution. To fulfill this requirement, we cumulatively simulate populations of binaries and use match criteria comparing each successive simulation defined as:
where P 1 and P 2 are the histogram probabilities for bin k in the successive simulations. We simulate populations until the match exceeds 0.99 or the change in match from the added population is less than 10 −4 for each parameter of interest, in this case the donor and accretor masses and the time to mass-transfer onset. The match is highly sensitive to binwidth choice; here we use Knuth's Rule (Knuth 2006) implemented in Astropy (Astropy Collaboration et al. 2013), a data-driven Bayesian binwidth selection selection method that enforces equal binwidths.
We use BSE to evolve each population of DWD binaries up to the onset of mass transfer as determined by the Eggleton Roche-lobe-overflow criteria. Once DWD mass transfer begins in the BSE evolution algorithm, we log the mass of each component and the onset time of mass transfer, computed from the birth of both galactic components 10 Gyr ago. These are the parameters that make up the fixed population of DWDs at mass transfer onset, since all other binary parameters are either set by the mass transfer physics (e.g. separation) or are zero (e.g. eccentricity). Figure 7 shows the distribution of donor and accretor masses for mass-transferring systems at the onset of mass-transfer for the Milky Way thin disk and bulge models. Comparing this figure to Figure 1 , we note that DWD binaries with M D 0.15 are generally not expected to undergo mass transfer in realistic galaxy models for all values of λ.
We then generate a realistic Milky Way population of DWDs at onset of mass transfer by Monte Carlo sampling the binary component masses and time of mass transfer from a three-dimensional Gaussian kernel density estimate. The thin disk and bulge populations are distributed with cylindrical and spherical symmetry respectively, with the distribution functions and scale heights defined in Table 1 (Yu & Jeffery 2011) .
Each DWD in the generated population is then evolved through phases of both direct-impact and/or disk mass transfer using the prescription outlined in section 2. In this manner, we determine the binary parameters of each DWD at the present day, where the time to the present day is computed as t present = 10 Gyr − t MT−onset . We retain only DWDs that are transferring mass at the present day.
We repeat this process to generate 100 Milky Way realizations for each of our three common-envelope models. Figure 8 shows the distribution of the number of LISA-resolvable sources with varying levels of negative total chirps for our λ = 0.1, 1.0 and 10.0 models. For each model, the SNR distributions converge as the magnitude of the negative total chirp increases, leading to nearly identical distributions forḟ total < −1.0 bin/yr. The distribution means and variances are shown in Table 2.
For the rest of this paper, we define a fiducial SNR cut of SNR > 5 and consider two chirp cuts:ḟ total < −0.1 bin/yr andḟ total < −1.0 bin/yr. In order to explore the population observable by LISA, we select one Milky Way realization each from the λ = 0.1, 1.0 and 10.0 models. These realizations are selected based on the number of resolvable sources they contain, such that this number matches the average number of sources, N ave , in Table 2 . For example, for the λ = 1.0 model with SNR > 5, N ave 2720 and N ave 313 foṙ f total < −0.1 bin/yr andḟ total < −1.0 bin/yr respectively. Figure 9 shows the distribution of donor and accretor masses for these two realizations and our fiducial SNR and chirp cuts. The top (bottom) row shows the mass distribution for the subset of the galactic re- alization with SNR > 5 andḟ total < −0.1 bin/yr (ḟ total < −1.0 bin/yr), with many more systems fulfilling the less stringent chirp cuts. This is illustrated further in Figure 10 below. As Figure 9 illustrates, the majority of our potentially resolvable systems have components masses 0.8 M , which, for solar metallicity, point to progenitor masses 4 M . According to Dewi & Tauris (2000) , progenitors in this mass range point to λ ∼ 1.
5. DISCUSSION
Observed DWD systems
At present, there are no observed DWDs that exhibit prominent negative chirps as discussed in our analysis.
Two periodically varying sources with measured positive chirps have been discovered in recent years with periods of 10 minutes or less (RX J0806.3+1527, P orb = 321.5 s and V407 Vul, P orb = 569.4 s). The true nature of these systems is up for debate and three competing models have been proposed: (1) An intermediate polar model where the observed ultrashort periods are in not fact orbital, but spin periods of magnetic white dwarfs accreting from a non-degenerate companion (see, for example, Norton et al. (2004) ), (2) a unipolar inductor model where the system is detached and the observed X-ray flux is electromagnetic in origin (see, for example, Wu et al. (2002); Dall'Osso et al. (2006 ), and (3) an AM CVn model where the system is semi-detached and undergoing direct-impact accretion (e.g., Marsh & Steeghs 2002; Ramsay et al. 2002) .
The positive orbital frequency derivatives observed for both the RX J0806.3+1527 system, hereafter referred to as J0806, (ḟ orb = 3.77 ± 0.8 × 10
−16 Hz/s; Strohmayer (2005)) and V407 Vul (ḟ orb = 3.77 ± 0.8 × 10
−16 Hz/s; Strohmayer (2004a)) suggest the orbits of these two binaries are dominated by gravitational radiation. This Distributions of the number of sources witḣ f total < −0.1 bin/yr (top row) andḟ total < −1.0 bin/yr (bottom row) for 100 Monte-Carlo sampled Milky Way realizations for our λ = 0.1, (left column), 1.0 (middle column), and 10.0 (right column) models. We take three SNR cuts: SNR > 1,5, and 10. Because the histograms converge for larger negative chirps, the three SNR plots overlap in the bottom row. See Table 2 for details.
suggests the AM CVn scenario is unlikely because stable mass transfer is expected to lead to a decrease in orbital frequency, as shown in this analysis as well as Kremer et al. (2015) ; Marsh et al. (2004) ; Gokhale et al. (2007) . However, alternative theories have been proposed in which a relatively low turn-on time-scale for mass transfer would allow for gravitational radiation to continue to dominate the orbital evolution even while the systems are accreting (e.g., Deloye & Taam 2006) .
As shown by Figures 3 and 4 , the calculations of this analysis suggest the time-scale for the mass-transfer to become the dominating factor in the orbital evolution is of order 100 years (defined as the time whenḟ total becomes negative). This relatively short time-scale makes it unlikely we would catch a system in this phase of evolution. Therefore, on the basis of the results of our simulations, we believe the AM CVn model is not a viable explanation for these systems.
Instead, we favor the unipolar inductor model in which these observed systems are detached and gravitational radiation is currently driving the components together. We note that the observed orbital periods of these two systems are consistent with orbital periods of detached systems whose evolution is dominated by gravitational radiation.
In addition to J0806 and V407 Vul, a third system with an ultrashort period has been observed: ES Cet, P orb = 621 s. Unlike J0806 and V407 Vul, observations of ES Cet suggest the presence of an accretion disk (Warner and Woudt 2002; Strohmayer 2004b) , though the true nature remains uncertain.
A future LISA observation of ES Cet could shed light on the details of its potential mass transfer, or lack thereof. Indeed, future observations of DWD systems in general by LISA will help to greatly constrain orbital parameters and binary evolution models, as discussed in section 5.2.
Informing Common Envelope models
Figures 7 and 9 suggest that different common envelope binding energy prescriptions lead to different donor star and accretor star masses. Instead of measuring the donor and accretor masses separately, LISA will measure the chirp mass of the system, defined as Figure 10 shows the histograms of gravitational-wave frequency and chirp mass for the two example populations in Figure 10 with the same cuts considered. The histograms show a clear difference in both the frequency and chirp mass distributions, suggesting these systems as a way to inform common envelope prescriptions in binary evolution.
To illustrate how the frequency and chirp mass distributions vary between galactic realizations, we plot histograms, where the bin height represents the mode bin height of our 100 galactic realizations with the cutoffs SNR > 5 andḟ total < −0.1 bin/yr for both the λ = 1.0 and 10.0 models in blue. We show in grey the 1σ deviations above and below the mode of each bin. The asymmetry in the deviations arises because we are using the mode instead of the mean of the distributions, which more accurately describes the range of heights for each bin.
Here we neglect the λ = 0.1 model due to the low number of expected chirping and resolvable systems leading to sparse histograms. Furthermore, Dewi & Tauris (2000) suggests that λ = 0.1 is unlikely for progenitors with masses less than 10 M , with the majority of progenitors having values near λ = 1.
While the bin heights of the histograms can vary considerably, the overall distribution shapes are consistent. This suggests that despite the cosmic variance that affects the LISA-observable population, different stellar envelope binding energy prescriptions lead to different observable populations, thus allowing a probe into the physics that determines the binding energy of stellar envelopes in the common envelope phase of binary evolution.
Combining LISA and Gaia observations
A parallax distance measurement, D, from Gaia and gravitational-wave scaling amplitude, h o , gravitationalwave frequency, f and total chirp measurementḟ total from LISA allow the chirp mass to be computed directly (see equation 19). The chirp mass and gravitationalwave frequency completely determine the gravitational chirp,ḟ GR , which can be solved for from Eq. 2. Then f GR andḟ total can be combined to solve for the overall astrophysical chirp:
whereḟ astro =ḟ MT +ḟ tides . A deeper study of the resolvability of the mass-transferring DWDs of the Milky Way by both Gaia and LISA is currently in progress (Breivik et al. 2017 ).
CONCLUSION
We have expanded upon the earlier analysis of Kremer et al. (2015) to explore the long-term evolution of mass-transferring DWD systems, which includes treatment of these systems through phases of both directimpact and disk accretion. Additionally, we have selfconsistently modeled these systems through phases of super-Eddington accretion.
By examining the chirps and SNRs of these systems, we have shown that a substantial fraction of masstransferring DWD binaries (both direct-impact and disk accretors) will be observable by LISA and that these systems exhibit prominent negative chirps as a consequence of the dominant role of mass transfer in their long-term evolution.
Additionally, we generated 100 galactic population realizations to estimate the number of mass-transferring DWDs in the Milky Way that will observable by LISA. We predict 2720 DWDs observable with SNR > 5 anḋ f total < −0.1 bin/yr, and 227 DWDs with SNR > 10 andḟ total < −1.0 bin/yr. The majority of these sources have exceptionally large SNRs due to their nearby location in the Milky Way, suggesting that a complementary observation by Gaia may be possible. These systems, observed both by LISA and Gaia, will allow an exquisite characterization of DWD mass-transferring systems.
